Retrospectively ascertained survival time may be subject to recall error. An example of discrete survival time with such recall error is time-to-pregnancy (TTP), the number of months non-contracepting couples require to get pregnant which is a measure of human fecundity. The epidemiological literature has demonstrated that retrospective TTP is subject to recall error and statistical models focusing on TTP have not accounted for the recall error. We propose a multistage model that utilizes women's retrospectively-reported TTP and associated certainty to estimate the TTP distribution. Our proposed model utilizes a discrete survival function that accounts for random heterogeneity arising from between women TTP data as well as a multinomial regression model to account for her certainty as accuracy may decline over time, i.e., depends on time since pregnancy in estimating the TTP distribution. Other novel features of the model include attention to whether the pregnancy was (un)planned as well as providing an approach to predict survival function for women without a reported TTP. Our model allows for the consideration of covariates for each of the underlying factors of (un)planned pregnancy, measure of certainty and TTP distribution. The proposed model is applicable for any discrete survival time when certainty in reporting may be a consideration. We use Monte Carlo simulations to assess the finite sample performance for the proposed estimators. We illustrate our proposed method using data from Upstate KIDS Study.
Introduction
Retrospectively ascertained time to event is often encountered in observational studies in both biomedical and social sciences literature. Time-topregnancy (TTP) is an example of time to event data. Retrospectively ascertained time-to-event observations are typically subject to recall error as memory may decline over time. Some other instances of recalled timeto-event data subject to recalled error are age at puberty, age at menarche 1 , duration of breastfeeding or time-to-weaning 2 and time-to-return of ovulation and menstruation following delivery. One is often interested in the probability distribution of the underlying time to event, as it is useful for comparing populations, setting benchmarks for individuals and so on. Hence, estimation of the distribution function of retrospectively observed time-to-event with recall error is an important inferential problem.
Human fecundity is the biologic capacity of men and women for reproductive irrespective of their pregnancy intentions. TTP, the length of time non-contracepting couples require to become pregnant an it is an important measure of human fecundity. TTP is discrete survival time as couples can get pregnant only once within a menstrual cycle. The statistical literature has devoted considerable attention to building meaningful models for TTP. For prospectively ascertained TTP, Beta-Geometric distribution for modeling TTP was proposed by Weinberg and Gladen (1986) 3 , and later Skinner and Humphreys (1997) 4 , proposed a discrete survival model which also incorporated couple-specific heterogeneity. Subsequently Sundaram et al. (2012) 5 proposed a discrete survival model that extended Scheike and Jensen's model by incorporating the couple's intercourse behavior during the fertile window. Additional models in case of TTP ascertained from current duration design have been studied by Keiding et al. (2002) 6 and McLain et al. (2014) 7 . However, all the above mentioned models were used for prospectively ascertained TTP with no uncertainty in time-to-event information. To the best of our knowledge, there has been no estimation of retrospectively ascertained TTP with recall bias.
Epidemiological studies have assessed the validity of retrospectively recalled TTP, and reported a negative association with length of recall [8] [9] [10] . In light of increasing research that utilizes TTP as both an outcome in relation to various covariates or as a predictor of infant and maternal health outcomes, statistical methods are needed to account for study design and reliance on retrospective TTP. Thus, a model for discrete survival time that accounts for certainty attached to the retrospectively ascertained information as well, as other unique features which are typically encountered in TTP studies, is needed.
The Upstate KIDS Study 11 collected TTP data from mothers and provided us with the motivation to propose a multistage model that incorporate information about pregnancy intentions as well as level of certainty in selfreported TTP. Briefly, this is a population-based prospective cohort study of 6171 infants (singletons and multiples) born to 5034 women in Upstate New York (excluding the 5 boroughs of New York City which has its own live birth registry) between July 2008 and May 2010. Briefly, mothers were queried about their reproductive histories with particular attention to pregnancy intentions and TTP when her child was about 36 months old. Also, mothers were queried about pregnancy planning and their level of certainty ('very sure', 'somewhat sure', 'a little sure', 'not at all sure') about self-reported TTP. We sought to model how certainty affects the TTP distribution in light of research demonstrating declining accuracy with time [12] [13] [14] . Motivated by this, we model the recall TTP based on it in the next section. Even though there are a number of approaches from which the distribution of the TTP may be estimated, there is no suitable model and method for data complicated by two factors: 1) women with unplanned pregnancies who have no well-defined TTP and more importantly 2) women's recalled TTP certainty varies. Such data is not bounded to TTP, it can also arise in other studies of retrospectively collected discrete survival times with indicators of recall uncertainty, as well as sub-strata where the time-to-event is not well-defined.
In this paper, we propose a new approach for estimating the distribution of TTP that incorporates the recall information as well as planning intentions in Section 2. In this model, the time of observation is assumed to be independent of the TTP, a logistic regression model is proposed to model planning intention for pregnancy and a multinomial regression model is used to model the different levels of uncertainty. Section 3 details the prediction approach, using a Monte Carlo empirical Bayes technique to predict survival function of TTP given covariates. Results of Monte Carlo simulations are reported in Section 4. We present detailed analyses of the Upstate KIDS study, undertaken by the National Institutes of Health pertaining to estimation of survival function of TTP in Section 5. The simulation studies presented are in line with this application. Some concluding remarks are provided in Section 6.
Multistage Model for Retrospective Survival Time
Let T i denote the time-to-pregnancy for the i-th responder with distribution F i (i = 1, . . . , n). Let O 1 , . . . , O n denote the observation times for the n responders. It is assumed that the O i 's are samples from another distribution and are independent of T i 's. Suppose δ i indicates 'having certainty answer' and ξ i indicates 'planned pregnancy' for the i-th responder with p i = P r(ξ i = 1) to be the probability of planned pregnancy for the i-th responder. Let Z i be the r-dimensional vector of covariates for the i-th respondent, assumed to be independent of O i . Note that the distribution of T i would depend on Z i . We define random variable ε i as follows to indicate how certain the i-th responder is about her answer. (1)
We regard the above multiple possibilities as outcomes of a multinomial selection. Thus, we model the allocation probabilities as follows allowing their probabilities to depend on the observation time, the time-to-pregnancy and Z i .
η (k, o, t, z) = 1, and η is a vector of parameters. We refer to the set-up described in the first paragraph of this section, together with (1) and (2) as the proposed model. According to this model, there would be five cases for an individual i (irrespective of whether the pregnancy is planned or unplanned), with different contributions to the likelihood.
Case (i) When δ i = 0 (the i-th individual didn't provide how sure she is about her answer), the contribution of the i-th individual to the likelihood is
Case (ii): When δ i = 1 and ε i = 1 (the i-th individual is very sure about her answer), the contribution of the individual to the likelihood is
Case (iii): When δ i = 1 and ε i = 2 (the i-th individual is somewhat sure about her answer), the contribution of the individual to the likelihood is P (
Case (iv): When δ i = 1 and ε i = 3 (the i-th individual is a little sure about her answer), the contribution of the individual to the likelihood is P (T i = t)π
Case (v): When δ i = 1 and ε i = 4 (the i-th individual is not at all sure about her answer), the contribution of the individual to the likelihood is P (T i = t)π (4) η (4, o, t, z). In our motivating study, we have an additional issue of oversampling of pregnancies conceived through infertility treatment. In particular, spontaneous pregnancies versus infertility treated pregnancies were sampled in the ratio of 3:1. We account for this by using sampling weights w i , i = 1, · · · , n based on proportions derived from New York State birth certificate data over the period of recruitment (2008) (2009) (2010) so that the sample is representative of the underlying population of Upstate New York pregnancies for that time period. Therefore, the overall likelihood can be written as Figure 1 shows the probability of certainty by different groups of gap time from pregnancy to survey time, for the respondents of the Upstate KIDS Study. It is seen that the gap time order is preserved. Also for shorter gap time of recall, there is greater precision of surety. This finding indicates that memory fades with time, i.e., two women interviewed at the same time would have different level of surety depending on how far her pregnancy time was from the observation time.
In particular, the certainty probability may depend on the time elapsed since pregnancy, O i − T i as well as common determinants for TTP. Thus, we use a multinomial function of (O − T ) and Z to model π
Note that O − T is gap time between pregnancy and date mother completed the questionnare and the dependence is captured through covariates.
To model TTP, we consider the proportional hazards model for discrete survival time. Under this model, the hazard rate λ i (t) of the individual i waiting time t, with covariate vector Z i is where β is the regression coefficient 4 . Note that
We further account for differences in distribution of TTP for planned versus unplanned pregnancy by using different vectors of regression coefficients.
To accounts for unobserved covariates or further biological heterogeneity between individuals a random variable R i is considered. Conditional on R i and the intention of planned pregnancy, one obtains
Similar to Scheike and Jensen (1997) 4 , the marginal form (conditional on random effect R i , covariates Z i and planned pregnancy) for the probability of conception at time t can be expressed as
To model planned pregnancy intention we use Logistic regression as follow.
.
Considering all the above mentioned factors, the likelihood can be written as
As we have noted before, β and φ are the regression coefficients for covariate effect on TTP distribution for planned and unplanned pregnancies, respectively, w i is the sampling weight, δ i to indicate 'having surety answer' and ξ i indicates 'planned pregnancy' for the i-th responder. We model the certainty probabilities through the multinomial logistic as log π
The maximum likelihood estimator (MLE) of θ = (ν, ρ j , β, φ, γ, η) T are obtained by maximizing the likelihood (7) by setting the partial derivatives equal to zero. A Newton-Raphson iteration may be used to compute the MLEs.
Note that if one ignores the probability of recall in this model, then the likelihood reduces to
This corresponds to the more common scenario of collecting retrospective information without collecting information on uncertainty associated with the recalled time-to-event.
Prediction
An interesting feature of the model and the estimation approach described in the last section is the ability to predict survival probabilities for a new responder i. We consider the scenario where a responder has provided partial information pertaining to covariates but has not provided her time-topregnancy as well as whether her pregnancy was planned or unplanned. We consider two stages for the prediction. In the first stage, we use Logistic regression to get the predicted probabilities for whether pregnancy is planned or not. Thus, we can classify the responders with missing planned/unplanned pregnancy intention. In the second stage, to predict survival distribution of TTP, we assume an estimateθ of θ of all the underlying parameters for our model with covariance Σ, estimated byΣ based on complete data. Here, it is more relevant to focus on conditional probability of having time-topregnancy u(> t), given t > 0, that is,
where
.., n} denotes the sample on which the model was fitted and on which we base our predictions. Using the empirical Bayes estimate, Rizopoulos (2011) 15 proposed the following approximation of (9)
We use arguments of standard asymptotic Bayesian theory (Cox and Hinkley, 1974) [Section 10.6] 16 , and assume the sample size n is sufficiently large such that {θ|D i } can be well approximated by multivariate N (θ,Σ). A Monte Carlo estimate of π i (u|t) can be obtained using the following simulation scheme:
Step 1. draw θ (l) ∼ N (θ,Σ).
Step 2. compute π (l) i (u|t) using (10) with θ (l) .
Steps 1 and 2 are repeated for l = 1, 2, . . . , L times. The realization of {π (l)
i , l = 1, 2, . . . , L} can be used to derive estimates ofπ i (u|t) such aŝ
and compute, standard errors using the sample variance over the Monte Carlo samples.
Simulation Studies
We compare the performance of MLE's based on proposed likelihood (7) utilizing recall information (described here as Proposed Recall MLE) and the likelihood (8) when the recall probability is ignored (described here as Norecall probability MLE). Computation of MLE's in all the cases are done through numerical optimization of likelihood using the Quasi-Newton method 17 . For the purpose of simulation, we generate samples of time-to-pregnancy from a proportional hazards model with probability mass function
where the baseline hazard ρ(j) = log(− log(1 − U [0, 1])) and the random effect variable exp(R i ) is generated from a gamma distribution with mean 1 and variance ν = 0.5. The vector of covariates, Z = (Z 1 , Z 2 ), consists of a binary variable, taking values 1 and 0 with probabilities 0.25 and 0.75, and a continuous variable having the uniform distribution over the interval [20, 45] . We choose the vector of regression coefficients for the TTP distribution of planned and unplanned pregnancy as β = (β 1 , β 2 ) = φ = (φ 1 , φ 2 ) = (−0.05, 0.01) respectively. Further, we generate 'gap time from pregnancy to the interview time', i.e. O −T from the discrete uniform distribution over the set {43.5, . . . , 48.5}. For the coefficients of Logistic regression model, we choose γ = (γ 1 , γ 2 ) = (0.04, −0.75). These choices are in line with the data analytic example discussed in the next section.
In this simulation study, we consider three levels of certainty 'very sure', 'somewhat sure' and 'not at all sure'. We generate certainty probabilities through the multinomial logistic model as log π
η (k, o, t, z) = 1, the probabilities can be written as
where η = (α 02 , α 03 , α 12 , α 13 , α 1 , α 2 ).
We consider two different Scenarios and choose the parameter of recall probability based on these Scenarios. Scenario 1 considers higher possibility for 'very sure' answer by choosing parameter η = (−16, −5, 0.3, 0.05, 0.5, 0), thus the probabilities of different levels of surety at 46 months gap time from pregnancy to survey will be π Tables 1 and 2 show the bias, the standard deviation (Stdev), the mean squared error (MSE) and coverage probability (CP) for the MLE's of the parameter ν, β = (β 1 , β 2 ), φ = (φ 1 , φ 2 ), γ = (γ 1 , γ 2 ), η = (α 02 , α 03 , α 12 , α 13 , α 1 , α 2 ) and the estimated probability of 'very sure' answer when o − t = 46, based on the likelihoods (7) and (8), for Scenarios 1 and 2, respectively.
In both Scenarios, it is found that the bias and the standard deviation (and consequently the MSE) of the Proposed Recall MLE is less than those of the other estimator. The bias of some parameters are large when the sample size is small but the performance of proposed MLE improves by increasing the sample size. Further, we found the coverage probability for the estimates are close to nominal 95% and becomes even closer as the sample size increase. As Table 2 shows even when the probability of certainty is considered to be equal, the improvement is found in the result of proposed MLE that accounts for the recall surety.
A Real Data Analysis

Analysis of Upstate KIDS data
We have analyzed the Upstate KIDS data set described in Section 1 using our proposed models and methods. Various studies have assessed the association between time to pregnancy and soci-economic factors [18] [19] [20] . In our analysis, we considered four socioeconomic variables: a continuous variable representing mothers' age, two categorical variables representing mother's education and her body mass index (BMI) respectively and one binary variable indicating mothers' smoking status. We used the model proposed in Section 2, discrete proportional hazards for time to pregnancy, the logistic model for planned pregnancy intention and the multinomial logistic model for the certainty attached to mothers' recalled TTP, π
η , π
η and π
η , which are functions of 'gap time from pregnancy to the observation time' and common determinants for TTP, as in previous section. We have considered the two different likelihood mentioned in Section 4 for estimating the parameters. Table 3 gives a summary of the findings.
We find in Table 3 , the estimated value of parameters in two models are close to each other while the standard errors of the Proposed Recall MLE are smaller than the corresponding standard errors of the other estimator. It is seen that mothers who are older or obese and those who are smoker took longer time to get pregnant, i.e. longer TTP.
Note that the model proposed by Sundaram et al. (2012) 5 , can not account for the uncertainty information attached to recalled TTP. Here, the estimator of their model is referred as Existing MLE. As a comparison, the survival functions estimated from the Proposed Recall MLE and the Existing MLE for planned and unplanned pregnancy are shown in Figure 2 . It is clear that utilizing sampling weights and recall probabilities in the proposed MLE significantly change the survival function of TTP.
Prediction for Upstate KIDS data
In this section, we predict survival function of TTP for Upstate KIDS data. This study contains 1793 nonresponding mothers and for whom TTP is unavailable of which 1694 reported unplanned and 99 planned pregnancies. We have used the Proposed Recall MLE and have estimated theπ i for As an example, the estimates of the survival of S i (u|θ) has been calculated for two randomly selected mothers with planned and unplanned pregnancy using the Monte Carlo empirical Bayes estimation sampling scheme detailed in Section (3). Figure 3 display the prediction of survival function for these two individuals along with estimated survival function for planned and unplanned pregnancy using the proposed MLE. To check the adequacy of prediction, we consider individuals with complete information. We have assumed 1/3 of them didn't provide the answer for TTP, considering planned/unplanned pregnancy and have estimated the parameter of the model based on the rest 2/3 of complete responses. Then we used the prediction method proposed in Section 3, to predict the survival function for those individuals who hypothetically didn't provide their TTP. The performance of this prediction is quantified by receiver operating characteristic (ROC) curve and area under curve (AUC). In this example, we were interested in predicting the probabilities of (T T P > t 0 ) for t 0 = 6, 12, 20. That is, we classify I(T i > t 0 ) by the survivor π i (t 0 |0) for t 0 = 6, 12, 20. To measure the classification rate we empirically estimate the sensitivity P {π i (t 0 |0) > c|T i > t 0 } and specificity P {π i (t 0 |0) ≤ c|T i ≤ t 0 } for t 0 = 6, 12, 20. These classification measures are displayed in an ROC curve in Figure 4 (a) for t 0 = 6, (b) for t 0 = 12 and (c) for t 0 = 20, for all c ∈ [0, 1]. Also, we have repeated the prediction of probabilities of (T T P > t 0 ) for t 0 = 6, 12, 20 when the planned/unplanned pregnancy is given. The results are shown in Figure As a comparison, we repeated the prediction procedure by using the Existing MLE. Figure 5 shows similar ROC curves for cases (a)-(e) mentioned above using Existing MLE for the prediction without considering sampling weight and uncertainty information associated with retrospective TTP. The AUC and their 95% confidence intervals correspond to each plot in Figure 5 is as follow. 
Concluding Remarks
In this paper, we have offered a realistic model and method for estimating the discrete survival time distribution based on recalled data. Modeling the uncertainty attached with the recall of time is a unique feature of our proposed model for the retrospectively measured survival time. We find our prediction for infertility, i.e., TTP > 12 or > 20 is reasonable based on proposed model using very basic socio-demographic factors as covariates. We believe including prior history of maternal reproductive history and overall health as well as paternal factors, consistent with fecundity being a couple based outcome in the proposed model would considerably improve the predictive ability of the proposed approach and increases the AUC. Our simulation results show that using woman's certainty of TTP data improves the estimators' performance. This may be something that researchers designing surveys requiring retrospective information should be encouraged to ask given the errors associated with retrospective time-to-event.
Grouping of the uncertainly recalled event may reduce the recall error to some extent. If one adopts this solution, the method presented here is a viable method of analysis. Skinner and Humphreys (1999) 21 , while working with data without instances of missing, has modeled erroneously recalled time-to-event as t ′ i = t i k i , where t i is the correct time-to-event and k i is a multiplicative error of recall that is independent of t i . They have used a mixed-effects regression model to account for k i . One may investigate whether a similar adjustment in the likelihood (7), improves the analysis.
There can be an alternative approach for modeling this kind of data, through an underlying distribution (F ) for the time to occurrence of the event of interest, and another distribution (say, G) for the time from that occurrence to the forgetting of the exact time. The latter may in fact be a sub-distribution function, with some mass at infinity. In this formulation there would be two cases for individual i: only the first event has occurred and both events have occurred. Depending on the relation between the two events and the observation time, one can model the joint distribution of these events and based on that, estimate the marginal distribution of first event which is the goal in this study. ) and (e), t 0 = 20 in (c) and (f), for two steps prediction using Existing MLE and prediction given planned/unplanned pregnancy, respectively.
